We construct a non-zero solution u G CQ 0 (C) of the equation du = Vu for a certain V which belongs to L p for any p < 2. The same' is done in arbitrary dimension d > 2 for the Laplace equation with a first order term Av + W • Vv = 0 and for the Dirac equation Vw -f Ww = 0, with
A counterexample to unique continuation in dimension two NlCULAE MANDACHE We construct a non-zero solution u G CQ 0 (C) of the equation du = Vu for a certain V which belongs to L p for any p < 2. The same' is done in arbitrary dimension d > 2 for the Laplace equation with a first order term Av + W • Vv = 0 and for the Dirac equation Vw -f Ww = 0, with W G L p for any p < 2. The construction is based on a Weierstrass product in the unit ball. Although its poles accumulate at the boundary, it is flat at the boundary if we remove small disjoint discs around the poles.
Introduction.
Let fi C M n be a connected open set. We say that an equation P(x, d/dx)u = 0 has the unique continuation property in O if any solution u which vanishes in a non-empty open subset vanishes identically. We are interested in the equation
where d is the Cauchy-Riemann operator, d = \{d/dxi +18/8x2) and V G L 1 1 oc (C). We will also consider here the Laplace equation with a first order term: (1.2) Au + W-V^O, and the Dirac equation:
with the (zero mass) Dirac operator V = Y2i=i oad/dxi. The OLI are matrices of order m satisfying a* = -oti and the Clifford commutation relations:
There is extensive literature on unique continuation and strong unique continuation properties (in the later, one supposes the solution to vanish to infinite order at a point instead of vanishing on an open set), see [6] . Although the problem of strong unique continuation has been almost settled, it is a long standing problem whether equations (1.1), (1.2) and (1.3) have the unique continuation property when the coefficients are Lj oc . We give here a negative answer, constructing solution with compact support for (1.1),(1.2) and (1.3) with coefficients in L p for any p < 2. This is optimal in dimension 2. The best positive result belongs to Wolff [5] :
2) and (1.3) have the unique continuation property. While this paper was awaiting publication, a new way of constructing counterexamples to unique continuation was found by Kenig and Nadirashvili [2] . Their result was improved and extended from dimension two to arbitrary dimension by Koch and Tataru [3] .
We fix the function Notations. C, C,C n will stand for absolute positive constants, not necessarily the same in different formulae. The constants which will be carried from a formula to another will be numbered Ci,C2,... . We write f{x) ~ g{x) in M if there are absolute constants 0 < c < C such that
We use the variable z = xi + ix2, identifying C with E 2 . If 
Proofs.
We start by constructing a meromorphic function in the unit disk 5(0,1) as a Weierstrass product. It vanishes to infinite order at the boundary, in a sense which is made precise by Lemma 2.1 below:
Let us denote the poles of / by
Then each of the sets
contains the corresponding pole of /. Moreover, these sets form a partition of the annulus {z : \z\ E [1/3,1)}. We will also need slightly bigger sets: 
Proof of Lemma 2.1. We divide the product (2.1) in three parts: the factors with index j < k, the factors with j > k and the factor with j = k.
We estimate first the modulus of (1^77) for z € Mk,i, for 2 < j < k-1.
Since fffg < \z\ we have |ijjf < \z\, so
In the same way we obtain for \z\ < H^g:
(2.6) 1 -i/i < C2 < 1 for j > fc + 1.
, we obtain from (2.5), using again \z\ > (4fc-7)/(4k -3)
as z 6 Mfe,;:
Since |z| fe ~ 1 for ^5 < |«| < 1, the above gives in this region: This implies that the product (2.1) is convergent everywhere in 12(0,1). Indeed, for \z\ < ^r^ the product up to the factor k is a meromorphic function and the rest of the product is absolutely convergent. For the middle factor with j = k in (2.1), notice first that the logarithm is a quasi-isometry in the region 0 < c < \z\ < C and -37r/4 < argz < 37r/4. More generally, It remains to multiply the relations (2.7), (2.9) and (2.10) to obtain the first part of (2.4). ), and obtain that the series above is convergent, so V G L F . It remains to check that the solution (2.11) is smooth.
Take
2), each point z G Mkj is the center of a ball of radius k~2/8 contained in Mk,i' Since gkj is holomorphic in M/^z, we can apply the Cauchy representation formula using as contour the boundary of this ball, to ob- so all the derivatives of u tend to zero as \z\ -> 1, hence u is smooth in C.
For the second part of Theorem 1.1, we take v = Reix, where u is given by (2.11), but with one more condition on £&, which will change the choice (2.12) for finitely many values of k. In order to obtain a lower bound for |VT;| we will need the following Lemma 2. Proof. We have ho(z) = ^p-cos(arg2), so V/IQ has two zeroes (r^O) and (-r^,0), where r^ is, by the choice of (/>, the unique zero of (r~1(j)(r)y in (0,oo) and ^•(^~10( r ))| r:=r ¥" 0. Since 0,7r are non-degenerate critical points of the function 8 -> cos 0, we can choose open sets Vi 3 (^,0) and V2 9 (-r^, 0) such that V/IQI^ is a diJBFeomorphism and the tangent mapping of its inverse is bounded. We still get these properties after replacing ho by h if \\h -/iollc 2 < c 2 and C2 is small enough. Taking C2 even smaller, we can ensure that h has exactly one critical point in each of Vi, V2; let these be 21,22. Then |V/i| -1 |2 -Zi\ is uniformly bounded in Vi with respect to different choices of h.
On the other hand, outside V = Vi U V2 the gradient |V/io| is bounded away from zero and so is |V/i| if \\h -hollc 1 < c i w^h c i = 5 inf{|V/i(2)| : 2 G 5(0,1) \ V}. We choose then c = min(c2, ci 
Remark.
It is possible to obtain the above results by the standard procedure going back to Plis (e.g., [4] ). It consists of constructing a basic 'brick' of the solution and then gluing infinitely many of them. However, the closure under multiplication of the set of solutions of the d equation allowed to avoid this.
